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CLASSICAL DYNAMICS OF POINT PARTICLES IN 2+1 GRAVITY
Andrea Cappelli
Theory Division, CERN, Geneva, Switzerland (On leave from INFN, Firenze, Italy)
The relation between Einstein gravity and the Chern-Simons gauge theory of the Poincare´ group is discussed at the
classical level. The general form of the gauge field is described in the presence of point sources, corresponding to
non-abelian anyons. They have arbitrary motion apart from particle exchanges, which are governed by the braid
group. The gravitational classical interaction appears when a specific gauge fixing is taken, such that the metric is
smooth and invertible, with proper asymptotic behaviour. Once the asymptotic motion is fixed, the classical two-body
scattering problem is well defined.
1. Introduction
Three-dimensional gravity is an interesting
laboratory for understanding both classical and
quantum properties of field theories with repa-
rametrization invariance [1,2]. Simple examples
and exact solutions allow a non-verbose ap-
proach to their many puzzling issues. Besides,
it has physical applications to cosmic strings in
four dimensions [3].
Here we shall limit ourselves to introducing
matter by N (dynamical) point sources,
S = − 1
16πGN
∫
d3x
√
gR−
N∑
(r)=1
m(r)
∫
ds(r)(1)
In the next section, we recall that this theory
can be rewritten as a Chern-Simons gauge theory
of the Poincare´ group ISO(2, 1), by using the
first-order (Palatini) formalism [2]. Namely, the
long-standing hope of relating gravity to gauge
theory becomes a reality. The peculiar aspects
of this relation form the body of the following
discussion#1.
#1 Based on the work done in collaboration with M.
Ciafaloni and P.Valtancoli [4,5].
At the quantum level, the Chern-Simons ap-
proach suggests that 2+ 1 gravity is renormaliz-
able, in spite of non-renormalizability by power
counting of the Einstein-Hilbert action (1). Ac-
tually, the two approaches are related by a non-
linear change of variables, involving a dimen-
sionful scale, thus the two different perturba-
tive expansions correspond to different “phases”
of gravity, with unbroken 〈gµν〉 = 0 and bro-
ken 〈gµν〉 ∼ ηµν reparametrization invariance,
respectively.
We would like to show that an insight in this
still vague issue comes from the classical problem
of determining the motion of point particles un-
der their own field. Actually, this can be tackled
and its solution shows some characteristic differ-
ences between gauge theory and gravity.
The problem of motion in gravity was first
studied by Einstein,Infeld and Hoffmann [6] in
four dimensions, and it has never been solved be-
yond perturbation theory, due to its formidable
non-linearity. In three dimensions, some exact
many-particle space-times were found by Deser,
Jackiw and ‘t Hooft [1], owing to the following
simplifing features: i) there is no on-shell gravi-
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ton, ii) nor Newton static potential, and iii) the
space is flat outside sources. Still, exact solutions
were missing for two or more moving particles.
This is recalled in sect. 3 and fully discussed in
the reviews [7].
On the other hand, the anyon problem in
Chern-Simons theory can be easily solved com-
pletely [4]. Amazingly, the motion is almost ar-
bitrary, because the trajectories of particles are
gauge degrees of freedom and can be deformed at
will. This solution is shown in sect. 4, in a generic
gauge. The unique constraint is that topologi-
cally inequivalent trajectories (i.e. particle ex-
changes) are related by the braid group. This
acts on the topological observables, which are
the holonomies of the gauge field around each
particle [8,9].
In sect. 5, we show that the anyon problem in-
deed corresponds to gravity by choosing an ap-
propriate gauge-fixing, in which the special prop-
erties of the metric field with respect to the gauge
field can be met#2. Namely, the metric should
be smooth and invertible, outside particle tra-
jectories, and asymptotically constant. Instead,
the simpler anyon solutions give, in general, non-
invertible metrics, which, by definition, are not
metrics. The (singular) gauge transformation be-
tween the two cases was called Λ-transformation
[4].
Therefore, the main difference between gauge
theory and gravity lies in the relevance of the
gauge choice, a problem complementary or “dual”
to the solution of the equations of motion. Ac-
tually, it is the hardest one in our approach, be-
cause it brings back non-linearities into the prob-
lem.
Of course, the complete details of the tra-
jectories (i.e. of the gauge) should not matter
#2 Somewhat similar statements are also found in the
refs.[10,11].
for the quantum theory, which should be locally
gauge invariant. However, the asymptotic gauge-
fixing is somehow unavoidable, because it allows
to identify the “asymptotic states” (asymptotic
metric), and to define the two-body scattering.
The holonomies for open paths going to ± infin-
ity are similarly well defined, and yield new ob-
servables. The time-like open path gives the scat-
tering angle, which we obtain exactly for mass-
less particles.
In the conclusion, some open problems sug-
gested by this classical analysis are discussed.
2. Gravity in the First-Order Formalism
and Chern-Simons Theory
In the usual second-order formalism (g,Γ[g]),
the metric is the field variable. In the first-order
formalism (e, ω), two field variables are intro-
duced, the basis vectors of the moving frame,
or dreibeins eaµ, and the “spin” connection ω
a
µb
for the associated local Lorentz invariance. They
are related by the equations
gµν = e
a
µηabe
b
ν (soldering condition) (2)
Γλµν = (e
−1)λa
(
δab ∂µ + ω
a
µb
)
ebν (metricity) (3)
The first equation states how to connect the
Lorentz manifold to space-time, the second one
defines the parallel transport which preserves the
metric, Dµ[Γ] gαβ = 0. A third equation involves
the particle trajectory ξ(τ). The space-time mo-
mentum
pµ(r) ≡ m(r)ξ˙µ(r) ,
(
ξ˙ ≡ dx
dτ
)
(4)
is related to the Lorentz momentum P a by
pµ(r) e
a
µ(ξ(r)) = P
a
(r) , (particle kinematics) (5)
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Thanks to the three-dimensional identity
ǫµνρ ǫabc e
a
µe
b
νe
c
ρ = |e| (D = 3) (6)
the Einstein action (1) can be rewritten#3 (here-
after 8πGN ≡ 1)
S = − 1
2
∫
d3x ǫµνρ ǫabce
a
ρ
(
∂[µων] + ω[µων]
)bc
− 2
∑
(r)
∫
dτ
[
ξ˙µ
(
Pae
a
µ −
1
2
Jaǫ
abcωµbc
)]
(r)
=
∫ 〈
A,
(
dA+
2
3
A2
)〉
− 2
∑
(r)
∮
(r)
A
(7)
The explicit Chern-Simons form in the last equa-
tion follows by introducing a gauge connection
taking values in the Poincare´ group ISO(2, 1)
Aµ = e
a
µPa −
1
2
ǫabcωµbcJa , (8)
whose generators satisfy
[Ja,Jb] = ǫabcJ c, [Ja,Pb] = ǫabcPc,
[Pa,Pb] = 0 (9)
Furthermore, the gauge indices are contracted by
using the invariant non-degenerate metric
〈Ja,Pb〉 = ηab, 〈Pa,Pb〉 = 0, 〈Ja,Jb〉 = 0 (10)
Note that in the Chern-Simons theory eaµ →
eaµ/GN , thus dim(e) = dim(ω) = 1, and the di-
mensionless gauge coupling constant is not quan-
tized because π3(ISO(2, 1)) = 0 [2].
The transformation (1-7) had miraculous re-
sults. We started from the highly non-linear the-
ory (1), not renormalizable by power counting
(dimGN = −1), and we arrived at the polyno-
mial action (7), which is renormalizable by ex-
panding around the classical solution
eaµ ∼ 0 , ωaµb ∼ 0 (11)
#3 We consider here spinless particles, Ja
(r)
= 0.
which is reparametrization invariant.
Let us pause and think what this “phase” of
gravity with unbroken symmetry might be#4.
Let us consider a quantum theory of gravity
where the metric is the fundamental field gˆµν .
Next, let us ask what is 〈gˆµν〉, the vacuum ex-
pectation value, or better said, the semi-classical
mean value.
The broken phase 〈gˆµν〉 ∼ ηµν (at least
for large distances) is the one of the classical
limit, with geometry and light-cones. This is bet-
ter described by the Einstein action (1), which
however has the problem of non-renormalizable
fluctuations gˆµν = ηµν + hˆµν , hˆµν ≪ 1, with
reparametrization invariance broken to Poincare´
global symmetry.
The unbroken phase is instead characterized
by 〈gˆµν〉 ≡ gµν = 0. This equation is however
not completely right, because g−1µν does not exist,
thus gµν cannot be called a metric and geometry
is not well-defined. Thus the metric cannot be
a fundamental field in this phase, or the other
way around, this phase cannot be seen by theo-
ries built on the metric field. We have in mind
a vague analogy with gauge theories like QCD,
descibed in terms of pions in the sigma-model or
by quarks and gluons, respectively.
The unbroken phase of 2 + 1 gravity is natu-
rally described by the Chern-Simons theory [2].
This has a good ultra-violet behaviour, and the
fundamental gauge fields (e, ω) fluctuate around
vanishing v.e.vs.. The metric is not present in
eq.(7), thus the theory is topological invariant.
However, in order to interpret this as a theory
of gravity, one has to go backward in the steps
eqs.(2-6) and define the metric by the soldering
condition (2). This implies additional constraints
on a naive treatment of the Chern-Simons the-
ory. The condition (2) breaks topological invari-
#4 Following Witten [2,12].
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ance to reparametrization invariance, and it re-
quires a classical (long-distance) limit of the the-
ory dominated by smooth gauge configurations,
yielding invertible metrics
〈eˆaµ〉 ∼
1
GN
δaµ (12)
where h¯GN is the minimal length for the break-
ing to take place. Notice that a dimensionful
scale is not present in the (non observable) pure
gauge theory (or pure gravity), but it is intro-
duced by the mass of the particles, owing to
eq.(4).
We believe that this is the main question, how
the “good” Chern-Simons theory manages to re-
produce geometry and the special role played by
the Minkowski metric. Actually, in classical grav-
ity the Minkowskian asymptotic behaviour is an
additional physical condition not implied by the
local Einstein equations. The natural guess is
that this metric should emerge from the solution
of the quantum theory.
As a side remark, let us show that the first-
order approach does not lead to a renormalizable
theory in four dimensions, thus additional theo-
retical inputs are needed. We repeat the previous
transformation on the Einstein action (1), using
now the identity
ǫµνρσ ǫabcd e
a
µe
b
νe
c
ρe
d
σ = |e| (D = 4) (13)
and we obtain
S =
− 1
8
∫
d4xǫµνρσǫabcde
a
µe
b
ν
(
∂[ρωσ] + ω[ρωσ]
)cd
− 2
∑
(r)
∫
dτ
(
ξ˙µPae
a
µ
)
(r)
(14)
The action is again polynomial, but it has no
term quadratic in the fields. Therefore we cannot
prove perturbative renormalizability, because we
cannot expand around e ∼ ω ∼ 0. The unbro-
ken phase of gravity cannot be seen in the basic
field variables, and one has to invoke more hy-
pothetical models in order to keep this picture,
like Topological Field Theories [12] and Pregeo-
metric Models [13].
Another possibility is to set up a non-pertur-
bative quantization method for the action (14).
This is Ashtekar’s approach [14]. The proposal
which attracted more attention is String Theory,
which indeed reproduces gravity in the classical
and high-energy limit [15].
Such additional theoretical structures are not
needed in three-dimensional gravity, which has
the virtue of simplicity. Physical problems com-
mon to four dimensions can be addressed di-
rectly, and hopefully solved.
3. The Einstein-Infeld-Hoffmann
Problem
Let us recall the problem of motion for point-
like matter sources in gravity. The field equations
of motion follow by varying the action (1) w.r.t.
the metric
Gµν = Rµν − 1
2
Rgµν = Tµν ,
Tµν =
∑
(r)
p
(r)
µ p
(r)
ν
m(r)
δ(2)(x− ξ(r)(t))√
g
dτ
dt
(15)
where the trajectories are parametrized by ξµ =
(t, ξ(t)), and the momenta are given in eq.(4).
In gauge theories like electrodynamics, the mo-
tion ξµ is subjected to the independent particle
equation (the Lorentz force). In gravity instead,
the particle (geodesic) equation is not indepen-
dent, but follows from reparametrization invari-
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Fig. 1. (a) Minkowski space with excised region, and (b) its tail representation in the Chern-Simons solution. The trajectory
of a test particle is also indicated.
ance of the field equations
0 = DµT
µν
=
∑
(r)
[
dpν
dτ
+ Γναβ [ξ]p
αpβ
]
(r)
δ(2)(x− ξ(r))
m(r)
√
g
dτ
dt
(16)
The difference is that in electrodynamics the
particle equations are gauge invariant, while in
gravity the geodesic equation (16) is reparame-
trization dependent#5.
The Einstein equations (15) give the field as
a functional of the particle motion {ξ(r)} and
eq.(16) gives the feedback, resulting in a strong
non-linear problem. Moreover, the factor
√
g im-
plies that we cannot even write down the equa-
tions without a guess of the solution. This ex-
plains why this problem has only been solved
perturbatively or for a single source.
In three dimensions it simplifies considerably,
because the Ricci tensor determines uniquely the
#5 See e.g. chapters 65 and 106 of ref.[16].
Riemann curvature
Rµν,ρσ = −gǫµνλ ǫρσγ Gλγ , (D = 3)(17)
Therefore, the classical space-times are flat apart
from singularities at the sources. For example [1],
a static particle of massm produces the following
metric, in coordinates xµ ≡ (t, r, ϕ),
ds2 = dt2− dr2 − r2α2dϕ2 , 0 ≤ ϕ < 2π , (18)
This is a cone because the circumference-to-
radius ratio 2πα ≡ 2π[1 − (m/2π)] < 2π, i.e.
the deficit angle is equal to the mass. Alterna-
tively, it can be represented as Minkowski space
with an excised region
ds2 = dT 2− dR2−R2dφ2 , 0 ≤ φ < 2πα, (19)
where φ = αϕ, T = t, R = r. The X-coordinates
are singular, because the two edges of the excised
region are indentified by a finite rotation (see
Fig.1a)
Xµ+ =
(
emJ0
)µ
ν
Xν− (20)
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which corresponds to a delta term in the metric,
not written in eq.(19). Equation (20) is the well-
known matching condition of Deser, Jackiw and
’t Hooft [1]#6.
The metric of a particle with momentum p can
be obtained by performing a Lorentz boost B(v).
It is again Minkowskian, with generalized match-
ing condition given by the Poincare´ transforma-
tion
X+ − ξ(t) = e p·J (X− − ξ(t)) ,(
ep·J = B(v)emJ0B(v)−1
)
(21)
For many particles, the flat space outside the
sources can be taken again Minkowskian, with
an excised region for each particle – neglecting
for the moment their possible overlappings. This
picture was put forward by the previous authors
as a general solution of the motion. While sim-
ple and appealing, this solution is not acceptable
because the metric is singular at the excised re-
gions. Moreover, it leads to a puzzling free mo-
tion for two particles, because excised regions
can never overlap.
4. The Many-Anyon solution in
Chern-Simons Theory
As we said, singular metrics cannot be han-
dled in the Einstein theory, but are natural in
the gauge theory of (e, ω). The previous Deser-
Jackiw-’t Hooft (DJH) picture of multi-excised
Minkowski space better applies to the following
solution of the anyon problem, in the simplest
gauge. More general solutions with singular met-
ric will be found in other gauges, which allow
#6 Quantum mechanics and scattering on this space
were discussed in refs. [17].
for arbitrary motion of the particles. We shall
also see what happens when two excised regions
meet. In sect. 5, we shall discuss how to close
the excised regions and obtain a smooth met-
ric, namely how to undo the transformation from
eq.(18) to eq.(19) in the many-particle case.
4.1. Equations of Motion
The Chern-Simons field equations are read off
from the action (7)
R aµν b ≡ (∂[µων] + [ωµ, ων ])ab
= −ǫµνλǫabc
∑
r
vλr P
c
(r)δ
2(x − ξ(r)) , (22)
T aµν ≡ ∂[µeν] + ω[µeν] = 0 (23)
These are the Cartan structure equations of
the first-order formalism. The first one expresses
the Riemann tensor in terms of the sources,
as eq.(17), while eq.(23) gives a vanishing tor-
sion#7.
By introducing the 4× 4 representation of the
Poincare´ group
Aµ =
(
ωaµb e
a
µ
0 0
)
, Ja =
(
−(ǫa)bc 0
0 0
)
(24)
one can easily see that the r.h.s. of eqs.(22,23)
are the components of the (flat) connection Fµν
in the Chern-Simons theory.
First-order gravity and Poincare´ gauge theory
have the same gauge transformations, provided
the equations of motion are used [2]. Therefore,
the geodesic particle equation should follow simi-
larly from local Poincare´ invariance of the Chern-
Simons field equations. Actually, this implies the
identity
#7 For spinning particles, the torsion is proportional to
the spin sources, thus the Chern-Simons theory cor-
responds to the more general Einstein-Cartan theory
of gravity [5].
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ǫµνρDρFµν = 0, Dρ ≡ ∂ρ + [Aρ, ] (25)
which reads in components
P˙ a(r) + ξ˙
µ
(r)ω
a
µbP
b
(r) = 0 (26)
ǫabcP
b
(r)e
c
µp
µ
(r) = 0 (27)
The first component is recognized as the geodesic
equation (16) in (e, ω) variables, by using eqs.(3,
5). The second one is similar to the kinematical
relation (5), but less strong because it does not
fix the mass of the particles. This breaks scale
invariance and cannot follow from the Chern-
Simons theory, it should be added as an addi-
tional requirement, like the definition of the met-
ric discussed before.
Notice that eqs. (26,27) are “charge” conserva-
tion equations in Chern-Simons , where the non-
abelian charge is given by the Casimir P 2 = m2
(and J ·P = mσ for non zero spins σ(r)). They be-
come dynamical equations due to the identifica-
tion of gauge and space-time manifolds necessary
for gravity. Therefore, we should not include the
(non-abelian) Lorentz equation for the particles,
as suggested by the analogy with the Yang-Mills
theory, and done for anyons in condensed matter
physics [18].
4.2. The Solution
To summarize, the Chern-Simons equations of
motion are (5), (22), (23) and (26). The gen-
eral solution will be characterized by constant
Lorentz momenta P a(r) = m(r)U
a
(r) = const,
and parallel (non-covariant) velocities V i(r) =
U i(r)/U
0
(r)(i = 1, 2) . The generalization to non-
parallel ones and non-constant P a ’s will be dis-
cussed later. The solution exists for arbitrary tra-
jectories {xi = ξi(r)(t)}, which can be written
X2(ξµ(r)) = B(r) = const.
X1(ξµ(r)) = V(r)X
0(ξµ(r))
(28)
where Xa(xµ) are arbitrary functions of the co-
ordinates xµ, invertible at fixed time,
J(r) =
∣∣∣∣∂(X1 − V(r)X0, X2)∂(x1, x2)
∣∣∣∣
(r)
> 0 (29)
Let us present the solution in the simplest
gauge Xa = δaµx
µ,
ωµ =
∑
(r)
ω(r)µ (30)
eaµ = ∂µX
a +
∑
(r)
ωa(r)µb(X −B(r))b (31)
where, for each particle (r),
ω(r)µ = (P(r) · J )
(
∂µΘ(X
2 −B(r))
)
× Θ(V(r)X0 −X1) (32)
where Θ is the step-function. This solution is lin-
ear in the sources and satisfies the superposition
principle. Any particle has associated a branch
cut on the left, or “tail” (Fig.1b), the support of
the spin connection. The tail location is a gauge
choice and it can be freely rotated, provided an-
other tail is not met.
Notice that (1 + ω(r)) is an infinitesimal
rotation around the constant vector P(r), there-
fore the term ωµP in the geodesic equation (26)
drops out, and our ansatz P a(r) =const. is consis-
tent. The field equations are easily verified, be-
cause the quadratic terms vanish for separated
tails.
The solution for generic trajectories can be ob-
tained by performing the arbitrary coordinate
transformation Xa(xµ). Actually, the equations
of motion and the solution have an intrinsic ex-
pression in terms of differential forms, so that
their relations are reparametrization invariant.
In the general case, the P a’s stay constant but
the pµ are not, thus the trajectories in space-
time bend and particles do interact. We clearly
see that dynamics in three dimensions is not de-
termined by the local equations of motion, but
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by the choice of gauge, subjected to more subtle
global metric conditions.
Before coming to this point, let us show that
our solution in the simplest gauge Xa = δaµx
µ
reproduces Deser-Jackiw-‘t Hooft excised space-
time. The geometry of such singular metric can
be understood by studying the geodesics, i.e. by
sending a beam of test particles. Their geodesic
curves xµ(τ) also satisfy eq.(26), which can be
integrated once
eaν x˙
ν(τ) = P
(
exp−
∫ τ
τ0
dxµωµ
)a
b
U b (33)
where P is the path -ordering along the geodesic,
and U is a constant velocity. In the region outside
tails ωµ = 0, thus the geodesics are straight lines.
Across the tail, the tangent vector makes a jump.
Near the r-th tail we can substitute eq.(31) in
eq.(33), integrate again and obtain the matching
condition (21), for a point just above (X+) and
just below (X−) the tail (fig.1) [4].
4.3. Constants of Motion from the
Holonomies
The observables of the ISO(2, 1) Chern- Si-
mons theory are the loop integrals
UΓ(y, x) = P exp
(
−
∫
Γ
ω · J + e · P
)
(34)
where Γ is an oriented path from x to y. Gauge
invariant quantities can be obtained from closed
loops, by looking for quantities invariant under
U → gUg−1. By parametrizing
UΓ(x, x) =
(
L = e−w·J q
0 1
)
≡ (L, q, 1) (35)
we find the following two invariants
√
w2 ↔ Tr(1)L = 1 + 2 cos(
√
w2) (36)
σ =
qawa√
w2
(37)
(σ = qawa for w
2 = 0). The Lorentz invariant
is the angle of the (pseudo)-rotation
√
w2, the
spin invariant is the projection of the translation
qa on the rotation axis [9].
The loops are also invariant under smooth de-
formations of the metric, because they are given
by the integral of a one-form. The particle mo-
tion being a kind of topological deformation, it
will not affect their value. Thus the invariants
(36,37) are constants of motion of the particle
plus field dynamics [19].
Any particle (r) has associated an elementary
holonomy U(r)(x(r), x(r)), for a tiny loop sur-
rounding it counterclockwise, with basepoint x(r)
near the particle, off the tail,
U(r)(x(r), x(r)) = exp(−
∫
Σ(r)
dσµνFµν)
=
(
L(r) ≡ e−J ·P(r) , J(r) , 1
)
(38)
which can be computed from the field equa-
tions [4,5]. Its invariants (36,37) are just the
Casimirs of the particle w2 = P 2(r) = m
2
(r), and
σ = (P · J/m)(r) = σ(r), independent of time as
announced (hereafter σr=0).
Let us consider now two particles and the
holonomy for the loop encircling them once coun-
terclockwise. From the solution (30,31) we can
compute its corresponding invariants, which are
the rotationM and the spin S invariants [4],
cos
M
2
= c(1)c(2) − s(1)s(2)
P(1) · P(2)
m(1)m(2)
(39)
S sin
M
2
= 2s(1)s(2)ǫabc(B(1) −B(2))a
P b(1)P
c
(2)
m(1)m(2)
where c(i) = cos
m(i)
2 , s(i) = sin
m(i)
2 .
These two formulas were obtained by Deser,
Jackiw and ’t Hooft [1]. Their recipe of compos-
ing matching conditions for each particle finds
the correct meaning in the Poincare´ holono-
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mies#8. M and S are two of the infinite con-
servation laws of the Chern-Simons theory.
In non-invariant terms, Deser, Jackiw and
’t Hooft argued that there is a choice of co-
ordinates, which at large space-like distances
|x| ≫ |B| is Minkowskian with a single excised
region and jump in time determined by M and
S in eq.(40), a kind of center-of-mass system.
Actually, for GNm(r) ≪ 1, M and S reduce
to the usual formulas of special relativity for
the total invariant mass and the total angular
momentum. Higher corrections were interpreted
as global contributions of the gravitational field.
However, this reasoning on singular metrics en-
counters a new difficulty, because inertial or ac-
celerating center-of-mass systems should be dis-
tinguished by the asymptotic behaviour of the
metric, which is undecidable in this case.
4.4. Particle exchanges and the Yang-
Baxter equation
Let us now discuss how the solution extends
to the case of non-parallel velocities, leading to
crossings of tails. Without loss of generality, con-
sider the case of particle (2) crossing the tail of
particle (1) (fig.2). P a(2) is no longer constant, and
it evolves according to the integrated eq.(26)
P(2)(x
+) = P exp
(
−
∫ x+
x−
ω(1)
)
P(2)(x
−) (40)
where x+ (x−) correspond to t > 0 (t < 0), the
collision being at t = 0. If we ignore the feed-
back of (2) on (1) (test-particle limit), this equa-
tion gives the matching condition of the geodesic
eq.(21)
P(1)(x
+) = P(1)(x
−)
P(2)(x
+) = L(1) P(2)(x
−) (41)
#8 See also ref.[8].
Fig. 2. The particle exchange operation σ12, for the indi-
cated orientation of tails.
Actually this result is also valid when both parti-
cles are dynamical [4]. It can be proven by using
the integrated form of the field equations given
by the non-Abelian Stokes theorem [18].
One should not think of the crossing of tails as
the scattering of two particles. It might look so
in this particular gaugeXa = δaµx
µ, but it is pos-
sible to put it in an invariant form, which holds
for all solutions in arbitrary gauge Xa(xµ). Thus
it involves only the topology of the trajectories
and manifestly gives no conditions on the pµ(r)’s.
Therefore, a correct name for the process of tail
crossing is particle exchange.
More precisely, let us define a particle ex-
change operator σ12 (fig.2) acting on the tensor
space V(1) ⊗ V(2), which contains the elementary
Poincare´ holonomies of the two particles. They
should have a common base-point, thus U(2) in
eq.(38) is translated to B(1),
U(1) =
(
L(1), 0, 1
)
,
U(2) =
(
L(2), (L(2) − 1)(B(1) −B(2)), 1
)
(42)
The effect of particle (2) crossing the tail of (1)
can be written in the form
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Fig. 3. Sequence of exchanges for the Yang-Baxter equation.
σ12 :
{
U(1) → U(1)
U(2) → U(1)U(2)U−1(1)
(43)
which is manifestly topological invariant. It is
partially gauge dependent, because a different
tail orientation, i.e. a different choice of base-
point, would have given the operator σ21, thus
exchanging the (asymmetric) role of the two par-
ticles. On the other hand, the monodromy of the
particle (2) around (1), i.e. the double braiding
σ12σ21, is gauge invariant
#9.
Next, the exchanges of N particles follow by
composition of the operators σi,i+1, i = 1, ..., N−
1, which generate the braid group BN . They act
on tensor spaces V(r) of particle holonomies, all
with the same basepoint. The generators σi,i+1
satisfy the Yang-Baxter equation
σijσikσjk = σjkσikσij , k = j + 1 = i+ 2
σi,i+1σj,j+1 = σj,j+1σi,i+1, |i− j| ≥ 2 (44)
where the first equation acts on V(i)⊗V(j)⊗V(k)
and the second one on V(i)⊗V(i+1)⊗V(k)⊗V(k+1).
This equation expresses associativity of particle
#9 Similar investigations of the Braid group were done
in the refs. [8],[18].
exchanges, as required by the deformability of
trajectories (fig.3).
The Yang-Baxter equation is not trivial in our
non-Abelian case, and it provides a consistency
check of our previous analysis on crossings [4].
Clearly, it should be an identity at the classical
level, because conditions on the momenta would
mean a classical motion only for some initial con-
ditions.
At the quantum level, one should find a rep-
resentation of the Braid Group in the Hilbert
space, and show that the physical states are
in the trivial singlet representation. This strong
condition has not yet been solved in the non-
Abelian case [20,21].
5. Smooth metrics and the
Λ-transformation
Let us now look at the gravitational problem,
for which the behaviour of the metric g = eTηe
is important. We want to avoid the δ-function
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singularities present in the general solution (30-
32), i.e. to close the excised regions discussed be-
fore.
5.1. One Particle
In the case of a static particle, the angular
rescaling from (18) to (19) can be interpreted as
the transformation
X = exp
(m
2π
ϕ(x)J0
)
x = Λ(x)x (45)
The Λ rotation varies from −m/2 tom/2 when ϕ
varies from −π to π and thus generates a solution
to the matching condition for the X-variable in
eq.(20). As a consequence, x is continuous, as
it should be. These continuous coordinates xµ
correspond to a choice of gauge for X(x) in the
general solution (31), which gives the dreibein
eaµ = [(∂µ + ωµ)Λx]
a =
= Λab(δ
b
µ +
m
2π
nbnµ), (46)
where nµ = (0, ǫij xˆ
j). After some computations,
the metric becomes the one in eq.(18), as ex-
pected.
For the moving particle, the Λ-transformation
is obtained by applying a Lorentz boost to the
static transformation (45) [4]. A particularly in-
teresting limit is the massless case, with fixed
energy E, obtained by letting
m→ 0 (γ →∞), with mγ = E (47)
The result is the Aichelburg-Sexl metric [22] for
a massless particle in three dimensions,
ds2 = 2dudv − (dy)2 +
√
2Eδ(u)|y|(du)2 (48)
where the light-cone variables are
u =
t− x√
2
, v =
t+ x√
2
(49)
Notice that the Lorentz contraction has trans-
formed the smooth angular dependence in eq.(45)
into a step-function,
Λ→


e−p·J/2 −π < ϕ < −π/2
1 −π/2 < ϕ < π/2
e p·J /2 π/2 < ϕ < π
(50)
producing a metric (48) with a (now physi-
cal) singularity at the wave-front, or shock wave
(fig.4).
5.2. Geodesic Scattering
The Λ-mapping is particularly useful to de-
scribe the motion of a test particle in the one-
particle metric described before. In fact we al-
ready know that, inX-coordinates, the geodesics
are straight lines, if they do not cross the tail.
If φ denotes the azimuthal X-coordinate in
the rest frame, eq.(19), we obtain by inverting
eq.(45),
xa(τ) = Λ−1
(
φ(τ)
α
)a
b
(U b τ + Bb) (51)
It is thus easy to discuss the asymptotic motion
and scattering of the test particle. The asymp-
totic velocity becomes
u±(∞) = Λ−1(±π
α
)u±(−∞)
= e±p·J/2α u±(−∞) (52)
where the +(−) sign holds according to whether
the geodesic runs above (below) the field particle.
Special cases of eq.(52) are:
i) The geodesic scattering angle off a particle
of mass m at rest [1]
θ0 =
m
2α
=
m
2
(
1− m
2π
)−1
. (53)
iii) The scattering angle for both massless par-
ticles
12 A.Cappelli / Classical Dynamics in 2 + 1 gravity
tan
θ
2
=
E
2
(54)
where E is the energy of the field-particle, in
agreement with the derivation from the Aichel-
burg-Sexl metric [22].
The above results show that the gravitational
problem for test particles is characterized by
quantities which are not purely topological, and
in our case are given in terms of the Christoffel
connection by
Pexp(−
∫ ∞
−∞
dxµ Γ
µ)
±
= [L(P )]
± 12α (55)
where the path runs along the geodesic above
(below) the point source of momentum P .
One may wonder to what extent this result is
gauge dependent.
In principle, one may choose to change the
Λ-transformation in the particle rest frame, by
some reparametrization of the azimuthal variable
ϕ. This, however, will make the scattering an-
gle in general dependent on the direction of the
probe in an arbitrary way. Since this violates the
physical notion of isotropy of space for a spin-
less particle, we shall explicitly exclude it in the
following.
In other words, we require on physical grounds
the Λ-transformation to be given (at large dis-
tance, i.e., for r →∞) by eqs.(45), which define
the isotropic single-particle metric in our frame-
work. Then the result (55), due to the properties
of parallel transport, will be invariant under any
local reparametrization which is asymptotically
consistent with our choice.
To summarize, in the singular X-coordinates
the geodesic scattering is ambiguous, because of
the possibility that a branch-cut is crossed. On
the other hand, in the smooth x-coordinate, the
geodesic scattering angle is uniquely determined
in the rest-frame (with the isotropic choice) and
therefore also in any other frame, giving rise to
the more general “S-matrix” in eq.(55).
5.3. Two-Particle Scattering
Let us now consider the problem of finding the
gauge fixing Xa = X
a
(xµ) which gives a smooth
metric g = eT ηe in the case of two dynamical
particles. This is more difficult than the previ-
ous one-particle transformation (45), and we do
not yet have a complete solution. Nevertheless,
we shall state the gauge conditions which, in our
opinion, are sufficient to obtain a non-ambiguous
result for the scattering process. These condi-
tions admit a solution in the first perturbative
order in Gm(r). Under the assumption that an
exact solution exists, we shall give an ansatz for
the exact scattering angle in the massless case[4].
These gauge conditions are as follows:
— Smoothness conditions.
The gauge fixing is supposed to be of the form
X
A
= (T (x))AB xB, (A = 0, 1, 2, 3) (56)
where T (x) is a Poincare´ transformation which
builds a solution of the matching conditions for
each particle,
T ≃ T(r)(x)S(r)(x), xµ ≃ ξµ(r)(τ), (57)
where
T(r) = eB(r)·PΛ(r)
(
ϕ(r)
)
e−B(r)·P (r = 1, 2)
Λ(r) = exp
(
ϕ(r)(x)
2π
P(r) · J
)
(58)
is the (properly translated) single particle trans-
formation discussed in the previous section, and
S(r) is instead regular at that point. From the
definition (58) it follows that, close to ξµ(r), T
performs the change of variables which closes the
excised region, as in eq.(45). In the case of scat-
tering P(1) 6= P(2), the non-commutativity of the
Λ(r)’s is the main difficulty in finding the exact
form of T .
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— Asymptotic conditions.
Further conditions correspond to the defini-
tion of asymptotic states. The commutator of
Λ(1) and Λ(2) becomes vanishingly small when
the particles are far apart, thus we can impose
the initial condition
T (x)→ T(1)(x)T(2)(x) ≃ T(2)(x)T(1)(x) (59)
for fixed spatial coordinates and large negative
times. This ensures that the class of metrics
we are interested in is asymptotically consistent
with the gauge fixing for a single particle given
in the previous section.
By inspection, the momenta of the incident
particles are the constants P(1), P(2) of our solu-
tion,
pµ(1)(−∞) = δµaP a(1), pµ(2)(−∞) = δµaP a(2), (60)
Moreover, one can check that the parallel trans-
port from (1) and (2) to the central region
|x| ≪ T is trivial. Therefore, in this region we
can define, as in special relativity, the total mo-
mentum,
pµ = pµ(1) + p
µ
(2),
pµ = gµν(−∞)pν = ηµνpν , (61)
the invariant mass squared s = (p(1) + p(2))
2,
and finally the center-of-mass frame by
(p(1) + p(2))
i = 0, i = 1, 2 .
An additional asymptotic condition is needed,
at fixed time and large |x|, in order to avoid ro-
tating frames at infinity. This requires that the
Christoffel connection Γµ is as small as dimen-
sionally allowed,
Γµ = O
(
1
|x|
)
(|x| → ∞, T fixed). (62)
In contrast, in a rotating frame Γµ would be of
order (Ω2|x|).
These gauge fixing conditions admit a non-
trivial solution in perturbation theory,GE(r) ≪ 1.
This is analogous to the “fast”, weak coupling,
approximation used in four dimensions [6]. The
Lorentz part Λ of the transformation T in eq.(56)
is approximately of product type
Λ ≃ Λ(1)Λ(2) ≃ Λ(2)Λ(1) (63)
because the commutator terms are of 2nd order
in the GE(r)’s. This takes care of both the poly-
dromy and initial state conditions to this order.
Finally there are no rotations at infinity, because
the angles ϕ(r) are body-fixed with the straight-
moving particles, thus eq. (62) is verified.
The first-order center-of-mass scattering angle
turns out to be [4]
θ =
√
s
2
(1 +O(Gm(r))), (8πGN = 1) (64)
in agreement with the classical limit of string
scattering [15].
The zero mass, or high energy limitm(r) ≪
√
s,
has also some simplifying features. The Λ-trans-
formation has the form of a shock wave, eq.(50),
with no effect on times earlier than the arrival
of the particle. Thus we can superpose two one-
particle Aichelburg-Sexl metrics with Minkowski
space in-between, both before and after the col-
lision of wave-fronts at T = 0. This is shown in
fig.4, where the Λ is constant in each sector and
takes the values L
±1/2
r = exp(∓p(r) · J ), with
p(1) = (E,E, 0), p(2) = (E,−E, 0).
Since the P(r)’s are constant, and therefore the
discontinuities across the wavefronts and tails
are fixed, the t > 0 Λ-mapping is still piecewise
constant in the regions bounded by wavefronts
and tails (50), and uniquely determined by the
polydromy requirements (58) up to the following
Lorentz transformation
R−1(θ) = lim
ǫ→0
Pexp
(
−
∫ t=+ǫ
t=−ǫ
Γµdx
µ
)∣∣∣∣
x=0
(65)
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Fig. 4. (a) Initial and (b) final state pattern of the Λ-transformation for the scattering of two massless particles. (The tail
and wave-front singularities of Λ are indicated by curly and straight lines).
which gives the classical S-matrix in this case.
Notice that the X-coordinates stay constant at
T = 0, because the two tails do not cross.
R−1 is determinated by the coordinate con-
dition that there are no rotations at infinity at
T = 0 in the x-coordinates external to the wave-
fronts [4]. We obtain the rotation angle
tan
θ
2
=
E
2
=
√
s
4
(8πGN = 1). (66)
Notice that this angle is the same as the geodesic
one, eq.(54), but the corresponding S-matrices
(55,65) are quite different, in particular the latter
one is in agreement with energy conservation.
6. Conclusions and Outlook
We have shown that the first-order approach
to three-dimensional gravity, rephrased in the
Chern-Simons gauge theory, allows a larger class
of solutions of the classical field theory, because
reparametrization invariance need not be com-
pletely fixed.
This has clearly shown that the trajectories of
particles are gauge degrees of freedom. They are
arbitrary, apart from the topological constraint
given by the Braid group#10. Therefore the clas-
sical motion in gravity is completely determined
by the gauge choice.
There are no natural gauge choices in the clas-
sical Chern-Simons theory. Similarly, the unbro-
ken phase seems to be the natural one in the
quantum theory.
On the other hand, we have enphasized that
many aspects of the classical motion in the
Einstein theory are gauge dependent, and that
there are physical gauges, for which the met-
ric is smooth, isotropic, and asymptotically in-
ertial. For gravitational scattering, it is suffi-
cient to choose the physical gauge asymptoti-
#10 And the condition of eq.(29).
A.Cappelli / Classical Dynamics in 2 + 1 gravity 15
cally (asymptotic breaking), because the scatter-
ing angle can be written as the holonomy for an
open time-like path, eqs.(55) and (65), which is
invariant under localized reparametrizations.
Therefore, from the classical point of view, the
unbroken phase of gravity at short distance and
the broken one at large distance are not incom-
patible, provided one understands the quantum
mechanism for this asymptotic breaking.
This can only arise from the coupling of quan-
tized matter to gravity, because the pure gravity
case does not show it [2]. The known actions of
matter coupled to gravity are based on the equiv-
alence principle, and need an invertible metric
field, therefore they cannot be used in the un-
broken phase. An ISO(2, 1)-invariant coupling
of matter to first-order gravity is not yet known.
This problem can possibly be by-passed by quan-
tizing the degrees of freedom of the point sources,
in the effective action obtained by our general
classical solution. In this kind of Coulomb gas ap-
proach, the main problem to start with is the in-
variance of Hilbert space under the Braid group,
as mentioned before [20,21].
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